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Abstract 

The fermion lifetime was usually calculated in terms of spin states. 
However, after comparing spin states with helicity states and chirality 
states, it is pointed out that a spin state is helicity degenerate, and 
so it can not be used for discussion of the dependence of lifetime on 
the polarization of an initial-state fermion. Using helicity states, we 
calculate the lifetime of polarized muons. The result shows that the 
lifetime of right-handed polarized muons is always greater than that 
of left-handed polarized muons with the same speed in flight. 

PACS numbers: 13.35.Bv; 11.55.-m; 11.30.Er; 12.15.-y 


1 Introduction 

In a previous Letter!^] we have proposed the lifetime asymmetry of left-right 
handed polarized fermions. Based on parity violation in the standard model. 
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there exist only left-handed (LH) chirality states in charged weak currents. 
Therefore, in weak interaction not only the final-state fermions, but also the 
initial-state fermions should reveal the feature of longitudinal polarization. 
It results in that the right-handed (RH) polarized fermion lifetime is 
different from the LH polarized fermion lifetime i.e. 


^Rh 


-- and r,, =- 

1-p 1 + / 3 ’ 


where r is the average lifetime, r = \/\ — in which f3 is the velocity 

of the fermions and is the lifetime in its rest frame, and transform 
to each other under a space inversion. It is shown that the lifetime of RH 
polarized fermions is always greater than that of LH polarized fermions in 
flight with the same speed in any inertial frame. In this Letter, the lifetime 
asymmetry will be further investigated. We will discuss the relation among 
spin states, helicity states and chirality states before calculating the lifetime 
of polarized muons concretely. 


2 Spin State, Helicity State and Chirality State 


2.1 Spin State 


There exist three kinds of spinor wave functions, i.e., spin states, helicity 
states and chirality states. The spin states are the plane wave solutions of 
Dirac equation, and in momentum representation for a given four-momentum 
p and mass m, the positive energy solution and the negative energy solution 
are respectively 



where s = 1, 2 and cps are Pauli spin wave functions. The state with s = 1 
is spin up while the state with s = 2 is spin down. They are eigenstates of 
operator, with eigenvalues ±1, namely 


u{p) ■ e 
m 


Us{.V) 


Usip), (s = 1) 

-Us{p). (s = 2) 


(4) 
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The uj(p) is the Pauli-Lubanski covariant spin vector and e is the four- 
polarization vector in the form 




^0 I 

m{Ep + m) ’ 

. p ■ e° 

7 £__ 

I m ’ 


(a = 1,2, 3) 
(a = 4) 


(5) 


which is normalized (e^ = 1), orthogonal to p (e ■ p = 0). In the rest frame e 
reduces to e° = (e°, 0) = (0, 0,1, 0). In application it is frequently necessary 
to evaluate spin sums in the form 


^1 ip) = P+ A+ (p), P2 iv) = P- A+ (p), 
P 3 (p) = p+ A- (p), P 4 (p) = p- A_ (p). 


The A_|_(p) and A_(p) are the positive energy projection operator and the 
negative energy projection operator. 


-iy-p + m iy-p + m 

A+(p) =--, A_(p) = 


2Er, 


2Er, 


respectively and p± are spin projection operators: 


P± = ■ e). 


(7) 

( 8 ) 


The plus sign refers to s = 1 and the minus sign to s = 2. We have eigenvalue 
equations 


P+ uiip) = Mp), P- U2 ip) = U2ip) , 

P- uiip) = p+ U2{p) = 0 . (9) 

One sees that the operator Pi(p) project out the positive energy state with 
spin up and P 2 ip) the positive energy state with spin down, whereas the op¬ 
erator Psip) the negative energy state with spin down and P^ip) the negative 
energy state with spin up in its rest frame. 


2.2 Helicity State 


A helicity state is the eigenstate of the helicity of fermions. If spinor p 
is taken as the eigenstate of the spin component along the direction of its 
motion. 


cr ■ p 

\P\ 


Ph 


hPn: h = ±l 


( 10 ) 
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then the helicity states read 




Ep + m 

2E„ 


\ 

h\p\ 

Ep + m^’^ J 


( 11 ) 


The state with h = +1 is the RH helicity state while the state with h = —1 
is the LH helicity state. The projection operators of the helicity states are^^l 


Ph = 


1 

2 



( 12 ) 


We can see that the helicity state is entirely different from the spin state, 
the helicity eigenvalue is not Lorentz invariant and the projection operator 
of helicity state is essentially a two-component operator. From Eqs. 0, m 
and © we can End out that a spin state with the same s but different values 
of h is helicity degenerate and so it can not uniquely describe the helicity of 
fermions. The eigenvalue equations o depend only on the quantum number 
s and remain valid for an arbitrary helicity state {h = —1 or -|-1). It implies 
that the spin projection operators p± can only project out the states which in 
its rest frame have spin s = 1 and 2, respectively. Strictly speaking, only in 
the rest frame can the four-polarization vector e and the eigenvalue equation 
(4) be most unambiguously dehnedt^^. Taking the simplest case oip : p = pz, 
which does not lose the universality of problem, we have the LH helicity state 
and the RH helicity state respectively 




Urh^P) 



P2 \ 

-\P\ P 2 1 , 

Ep + m J 

Pi \ 

\P\ Pi • 
Ep + m J 


( 13 ) 

( 14 ) 


Even so comparing Eq. 0 with Eq. m one can also see that the projection 
operator of spin state is different from that of helicity state though the spin 
state and the helicity state are formally identical when p = pz- Hence we 
reach a conclusion that the polarization of fermions must be described by 
the helicity states which are closely related to directly observable quantity 
experimentally. 
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2.3 Chirality State 

The chirality states are the eigenstates of chirality operator 75 . The LH 
chirality state and the RH chirality state are defined as, respectively 

«Ls(p) =^(1 + 75 )m.(p), =^(1-75)ms(p)- (15) 

In general, chirality states are different from helicity states. Only if m = 0 
(for example nentrinos) 01 E ^ m (in the nltrarelativistic limit) the fermions 
satisfy Weyl eqnationl^’^^, the spinor mnst then be taken to be eigen¬ 
states of helicity operator h and the polarization is always in the direction of 
motionl^l. In other words, for m = 0 the helicity states, the chirality states 
and spin states are identical, i.e. 


’‘Zip) = «!S(p) = <(p) = ^ J. ( 16 ) 

<.(p) = «S(p)=«r(p) = ^(^;). (17) 


The snperscript W refers to it being a solntion of Weyl eqnation. 

The helicity states and in Eqs. m and m can be expanded as 
linear combination of chirality states, respectively 


= ^(1 + 75) + ^(1 - 75) 


= C,Lul+C,nul, 

'^Rh (p) = Chl j + CjiJi ^ , 

where and are chirality states in the rest frame, 


RS 




2 V -Ps 


vP = - 

RS 2 




(18) 

(19) 


( 20 ) 


It can be seen from Eqs. m and (unD that the decompositions of helicity 
states do not possess Lorentz invariance and the p dependence has been 
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shifted to the coefficients Cll, Clr-, Crl and Crr as given by 




— \/^ + P) 


( 21 ) 




= 


( 22 ) 


It is obvious from Eqs. m and P|) that in a LH helicity state u^^{p) the 
coefficient Cn is the amplitude of LH chirality state and the Clr that 
of RH chirality state while in a RH helicity state u^^{p) the Crl that of 
LH chirality state and the Crr that of RH chirality state in its rest 
frame. 

3 The lifetime of polarized muons 

Now let us consider a n decay process 


( 23 ) 


yU ^ e + + . 


The lowest order decay rate or lifetime r for muon decays, based on the 
perturbation theory of weak interactions, is given by 



( 24 ) 


3.1 The lifetime of unpolarized muons 

If the muons are unpolarized and if we do not observe the polarization of 
hnal-state fermions, then the transition matrix element is given by averaging 
over the muon spin and summing over all final fermion spins: 



X [Ur{k) 7 a (1 + 75 ) Us{p) 


( 25 ) 
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where p, q, k and k' are 4-momenta, while s, s', r and r' are spin indices 
for /i, e, and z^e, respectively. For the convenience of discnssion below, in 
Eq. (03|) we set 


... Zi ^ 

5=1 r=l 


which is related to the mnons. By means of Eqs. © and (IHl), the evalnations 
of spin snms are rednced to the calcnlation of projection operators: 

2 2 


'^Us{p)Us{p) 

s=l 

2 


^P,(p) = A+(p), 

s=l 

2 


(27) 


= -^P.(p) =-A_(p). (28) 


One sees that the explicit evalnations of spin projection operators disappear. 
Applying Eqs. (I2ID, (I2H1) and m as well as the trace theorems we obtain 


4G^p-k'){q-k) ^ 

EpEqEj^Ej^f 

Substituting Eq. (I2ni) into Eq. (Oil) . one has 
4G^ 1 


(29) 


r-' = 


(27r)5 Ep 


d^qd^kd?k' ^ 

0 [p — q — k — k )JF, 


Eq E/fc E/fc 


(30) 


where 

E={p-k') (q-k). (31) 

Obvionsly decay amplitnde JF is a Lorentz-invariant matrix element. There¬ 
fore we have 


^ = ^0 = (p0.p)(g.A:), pO = (0,0,0,^m^) (32) 

where is E in the mnon rest frame. 

The integration to the right of E~^ in Eq. (P|) is a Lorentz scalar, and we 
see that the lifetime is proportional to the energy Ep as reqnired by special 
relativity!®]. So that the lifetime is not a Lorentz scalar. 
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Starting from Eq. (EDI) and neglecting electron mass, the muon lifetime 
in its rest frame is given by 

-1 ^ G"™?, 

192x3’ 

where is muon mass. The tq is the muon lifetime in its rest frame and 
dehned as the muon lifetime in ordinary tables of particle properties. In an 
arbitrary frame the muon lifetime is given by 

= y/f -/32 (34) 



3.2 The lifetime of polarized muons expressed by spin 
states 


For polarized muons the muon spin should not be averaged. In most lit¬ 
eratures and textbooks^^’^l the polarized states of fermions were usually ex¬ 
pressed by the spin states (ED and 0- Instead of Eqs. (EHD and (EZD, we have 


Is = ^ K(fc)7A(l+ 75 )ms(p)]% (35) 

r=l 

and 

Us{p)us{p) = Ps{p) = ^(1 ± *^57 • e) *^ 'll 
respectively. Substituting Eq. EBD into (jSSD and Eq. dSHD into (I2SD we obtain 


Ml 


EpEqEkEk' ’ 


(37) 


where 


Es = {p- k') {q-k)T mp{e ■ k') {q ■ k). (38) 

Obviously, decay amplitude Es is also a Lorentz scalar, like T. Therefore we 
have 

Ts = El = (p° ■ P) (g ■ fc) T ■ k') (q-k), (39) 

where E^ is Es in the muon rest frame. 

In a similar way to Eq. dSOD, we obtain 


.-1 


4G2 1 
(27r)5 Ep 


C Eq Ek Ek' 

J Eg Ek Ek' 


S\p-q-k- k')Es. 


(40) 








One easily verifies that the integration over the second term of decay ampli- 
tnde Ts vanishes. It is easy to see that the lifetime in the laboratory frame 
is certainly identical with the result (IH^ . i.e., = r, which does not exhibit 

any lifetime asymmetry. 

3.3 The lifetime of polarized muons expressed by he- 
licity states 

As mentioned above, however, this method does not enable us to discuss 
the dependence of lifetime on the helicity of muons. Because a spin state is 
helicity degenerate, the polarization of muons must be described by helicity 
states. For LH polarized muons, substituting the spin states in Eq. (IS3) with 
the helicity states and considering the energy projection operator of helicity 
state is equal to that of spin state, we obtain 

ihh = + 

h 

2 

= + 15)u^Sp)]^ . (41) 

r=l 

From Eqs. (Hi, m and m we easily hud 

(1 + 75)u^^{p) = = x/l + /3{l + 75)m2, (42) 

where Ug is the spin state in the muon rest frame. One can see that the 
chirality-state projection operator (I-I- 75 ) picks out LH chirality state i'^ 
a LH helicity state, which is factorized into two parts in the second equation, 
one is the spin state and another is a factor a/TT^ which depends on 
muon’s helicity. Substituting Eq. (1^ into Eq. (ED we have 

2 

hh = (1 + /3) ^ [ur{k)'jx{l + 75)^3 ^ (43) 

r=l 

Comparing Eq. (I43|l with Eq. dSSD and considering Eq. dSHD we hnd out the 
decay amplitude of LH polarized muons 

= (1 + /9).F° = (H- (44) 
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Similarly, for RH polarized muons we obtain 


iRh = + 


h 

2 


= (1-)3)5^ K(*;)7a(1+75)«i]^ 


( 45 ) 


r=l 


and the decay amplitude is 


FRh = {l- = (1 - l3)Fi- 


(46) 


Obviously, both the polarized muon’s decay amplitude J^Lh and Tbk are not 
Lorentz scalar. Comparing Eqs. dSD and (gni) with Eq. (EH), respectively 
and considering Eq. (001), we find the polarized muon lifetimes which agree 
with Eq. jH). 

4 Summary and Discussion 

The calculation has established that the lifetime of RH polarized muons is 
greater than that of LH polarized muons in flight. Furthermore, this con¬ 
clusion is also valid for all fermions in the decays under weak interactions. 
Hence under the condition of parity violation the lifetime is neither a four¬ 
dimensional scalar, nor a scalar under the three-dimensional space inversion. 
We emphasize here an important concept that a spin state is helicity degener¬ 
ate and the spin projection operators p± can only project out the spin states, 
but can not project out the helicity states. The above calculation shows that 
the so-called eigenstate of four-dimensional spin operator given by Eq. iD is 
by no means a helicity eigenstate (even we had chosen p vector along z axis) 
and this is why the parity violation result, Eq. (|T)), was overlooked in the past 
for so long a time even one did not perform the spin average for muons in 
the laboratory frame. Therefore, the polarized fermions must be expressed 
by the helicity states which may satisfy the ordinary Dirac equation^®] and 
are relevant to physical interpretation and experimental tests. In the helicity 
states and Eqs. (ITH|l and (IT!7|) . since the charged weak cur¬ 

rent originates from the LH chirality state only,^^] the terms corresponding 
to Clr and Crr do not contribute to fermion decay. The lifetime of polarized 
fermions depends only on the amplitude Cll or Crl, which is the root cause 
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of the lifetime asymmetry. In the rest frame, because Cll = Cm = 1, the 
lifetime of LH polarized fermions is equal to that of RH polarized fermions. 

The measurements on muon decay used to be performed in its rest frame. 
They were realized that muons, formed by forward decay in flight of pions in¬ 
side cyclotron, were stopped in a nuclear emulsion, sulphur, carbon, calcium 
or polyethylene target. For example, the polarization effects of muon decay 
were observed using carbon stopping target^^^l, in which there is no depo¬ 
larization of the muons. So far the measurement of the lifetime of polarized 
muons in flight has not yet been found in literature. Therefore, one actually 
lacks direct experimental evidence either to support or to refute the lifetime 
asymmetry. We report it here now in the hope that it may stimulate and 
encourage further experimental investigations on the question of the lifetime 
asymmetry in muon decays. 
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